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In this paper, some new inequalities on the constant e are deduced. As an
application, we build a strengthened Hardy’s inequality. Q 1999 Academic Press
Ž . ‘ 2 2If a G 0 n g N and 0 - Ý n a - ‘, thenn ns1 n
4‘ ‘ ‘
2 2 2 2a - p a n a ,Ý Ý Ýn n nž /
ns1 ns1 ns1
where p 2 is the best possible. It is called Carlson’s inequality, and it may
be strengthened as
4 2‘ ‘ ‘ 1
2 2 2 w xa - p a n y a cf. 1, p. 7 .Ž .Ý Ý Ýn n nž /ž / 2ns1 ns1 ns1
Some strengthened Hardy]Hilbert inequalities have been built by estimat-
Ž w x.ing the weight coefficients cf. 2]5 . In this paper, we consider a strength-
ened version of the following Hardy’s inequality,
‘ ‘
1rL nl l l1 2 nl a a ??? a - e l a , 1Ž .Ž .Ý Ýn 1 2 n n n
ns1 ns1
n Ž . ‘where l ) 0, L s Ý l , a G 0 n g N , and 0 - Ý l a - ‘n n ms1 m n ns1 n n
Ž w x.cf. 6, Theorem 349 . In addition the hypothesis of 0 - l F lnq1 n
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Ž . Ž .n g N , the inequality 1 infers
‘ ‘
1rL nl l l1 2 nl a a ??? a - e l a . 2Ž .Ž .Ý Ýnq1 1 2 n n n
ns1 ns1
By using the way of analysis, we deduce some new inequalities on
Ž .the constant e. As an application, a strengthened inequality of 2 is built.
That is
n Ž .THEOREM. If 0 - l F l , L s Ý l , a G 0 n g N , 0 -nq1 n n ms1 m n
Ý‘ l a - ‘, thenns1 n n
‘ ‘ l1rL nnl l l1 2 nl a a ??? a - e 1 y l a . 3Ž .Ž .Ý Ýnq1 1 2 n n n2 L q lŽ .n nns1 ns1
In showing this, we introduce some lemmas.
LEMMA 1. For x ) 0 and n g N, we ha¤e
n1 1 1
- ln 1 q y Ýn kž /xn q 1 x q 1r2 x q 1Ž . Ž . Ž . k x q 1Ž .ks1
1
- . 4Ž .n
n q 1 x x q 1Ž . Ž .
Proof. By Taylor series as
‘ Žk .f xŽ .0 k < <f x s f x q x y x x y x - R ,Ž . Ž . Ž . Ž .Ý0 0 0k!ks1
Ž .setting f x s ln x, and x s x q 1, we obtain that0
‘ 1
ln x s ln x q 1 y x ) 0 .Ž . Ž .Ý kk x q 1Ž .ks1
Then for x ) 0 and n g N, we have
n ‘1 1 1
ln 1 q y sÝ Ýk kž /x k x q 1 k x q 1Ž . Ž .ks1 ksnq1
‘ 1
- Ý kn q 1 x q 1Ž . Ž .ksnq1
1
s ;n
n q 1 x x q 1Ž . Ž .
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n ‘1 1 1 n q 1 1
ln 1 q y sÝ Ýk kž /x n q 1 kk x q 1 x q 1Ž . Ž .ks1 ksnq1
‘1 1
) Ý kkyny1n q 1Ž . 2 x q 1Ž .ksnq1
1
s .n
n q 1 x q 1r2 x q 1Ž . Ž . Ž .
Ž .Hence the inequalities 4 are valid. The lemma is proved.
LEMMA 2. For x ) 0, we ha¤e
x1 1 1
e 1 y - 1 q - e 1 y . 5Ž .ž /2 x q 1 x 2 x q 1Ž .
Ž .Proof. By 4 , for n s 2, we find that
6 x q 7 1 1 3 x q 2
- ln 1 q y - . 6Ž .2 2ž /x x q 16 2 x q 1 x q 1 6 x x q 1Ž . Ž . Ž .
Ž . Ž .i Define g x as
x2 x q 1 1Ž .
g x [ 1 q , x g 0, ‘ .Ž . Ž .ž /2 x q 1 y 1 xŽ .
It is obvious that when x ) 0, the inequality
x1 1
1 q - e 1 y 7Ž .ž /x 2 x q 1Ž .
Ž . Ž .is equivalent to g x - e. By 6 , we have
xy2 2 x q 1 1 1 1Ž .
g 9 x s q ln 1 q y 1 qŽ . 2 ž / ž /½ 52 x q 1 x x q 1 x2 x q 1Ž .
xy2 2 x q 1 6 x q 7 1Ž .
) q ? 1 q2 2 ž /2 x q 1 x2 x q 1 6 2 x q 1 x q 1Ž . Ž . Ž .
x1 1
s 1 q ) 0.2 ž /x3 2 x q 1 x q 1Ž . Ž .
Ž . Ž . Ž .Hence g x is strictly increasing on 0, ‘ . Because lim g x s e, thenx “‘
Ž . Ž .we have g x - e. Equation 7 is valid.
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Ž . Ž .ii Define h x as
x2 x q 1 1
h x [ 1 q , x g 0, ‘ .Ž . Ž .ž /2 x x
When x ) 0, the inequality
x1 1
e 1 y - 1 q 8Ž .ž /2 x q 1 x
Ž . Ž .is equivalent to h x ) e. By 6 , we have
xy1 2 x q 1 1 1 1
h9 x s q ln 1 q y 1 qŽ . 2½ 5ž / ž /2 x x x q 1 x2 x
xy1 2 x q 1 3 x q 2 1
- q ? 1 q2 2½ 5 ž /2 x x2 x 6 x x q 1Ž .
xy5x y 4 1
s 1 q - 0.2 ž /2 x12 x x q 1Ž .
Ž . Ž . Ž .Hence h x is strictly decreasing on 0, ‘ . Because lim h x s e, thenx “‘
Ž . Ž .we have h x ) e. Equation 8 is valid.
Ž . Ž . Ž .By virtue of 7 and 8 , the inequalities 5 are valid. This proves the
lemma.
Ž .Remark 1. Equation 4 is the new inequality on the logarithmic
Ž w x. Ž .function cf. 8, p. 367 . Equation 5 is equivalent to
xe 1 e
- e y 1 q - x ) 0 . 9Ž . Ž .ž /2 x q 1 x 2 x q 1Ž .
Ž . Ž wEquation 9 is the new inequality on the constant e cf. 7, Theorem
x.3.8.26; and 8, p. 358 .
Proof of the theorem. By the following arithmetic]geometric average
inequality,
n
q q q1 2 na a ??? a F q aÝ1 2 n m m
ms1
=
n
a G 0, q ) 0, m s 1, 2, . . . , n , q s 1 ,Ž . Ým m mž /
ms1
Ž w x. Žcf. 6, Theorem 9 , setting c ) 0, a s c a , and q s l rL m sm m m m m m n
.1, 2, . . . , n , we have
n1l rL l rL l rL1 n 2 n n nc a c a ??? c a F l c a .Ž . Ž . Ž . Ý1 1 2 2 n n m m mLn ms1
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Then we find that
‘
1rL nl l l1 2 nl a a ??? aŽ .Ý nq1 1 2 n
ns1
l rL l rL l rL1 n 2 n n n‘ c a c a ??? c aŽ . Ž . Ž .1 1 2 2 n ns lÝ nq1 1rL nl l l1 2 nc c ??? cns1 Ž .1 2 n
‘ nl 1nq1F c l aÝ Ý m m m1rL nl l l L1 2 n nc c ??? cns1 ms1Ž .1 2 n
‘ ‘ lnq1s l a c . 10Ž .Ý Ým m m 1rL nl l l1 2 nL c c ??? cnsmms1 Ž .n 1 2 n
l1 l2 ln Ž .L nChoosing c c ??? c s L , and setting L s 0, because l F1 2 n nq1 0 nq1
l , we haven
1rlnL L rln n nL lŽ .nq1 nq1
c s s 1 q Ln nL ny 1 ž /LLŽ . nn
L rln nlnF 1 q L n g N ;Ž .nž /Ln
‘ ‘l lnq1 nq1sÝ Ý1rL nl l l L L1 2 n n nq1L c c ??? cnsm nsmŽ .n 1 2 n
‘ 1 1 1
s y F ;Ý ž /L L Ln nq1 mnsm
L rlm m‘ l 1nq1
c F 1 q .Ým 1rL n ž /l l l L rl1 2 n m mL c c ??? cnsm Ž .n 1 2 n
Ž . Ž .Then by 10 and 5 , we obtain that
L rlm m‘ ‘ 11rL nl l l1 2 nl a a ??? a F 1 q l aŽ .Ý Ýnq1 1 2 n m mž /L rlm mns1 ms1
‘ 1
- e 1 y l a .Ý m mw x2 1 q L rlm mms1
Ž .The inequality 3 is valid. The theorem is proved.
NOTE722
Ž .Remark 2. Setting l ’ 1, then 3 changes ton
‘ ‘ 11rna a ??? a - e 1 y a . 11Ž . Ž .Ý Ý1 2 n n2 n q 1Ž .ns1 ns1
Ž .Equation 11 is a better improvement of the following Carleman’s
inequality,
‘ ‘
1rn w xa a ??? a - e a cf. 6, Theorem 334 .Ž . Ž .Ý Ý1 2 n n
ns1 ns1
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